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Objectives. We present a new method in which a priori knowl-
edge of the blood velocity fields within the boundary layer at the
vessel wall, combined with acquisition of high resolution magnetic
resonance imaging (MRI) blood velocity data, allow exact model-
ing at the subpixel level.
Background. Methods are lacking for accurate, noninvasive
estimation of blood flow, dynamic cross-sectional lumen vessel
area and wall shear stress.
Methods. Using standard acquisition of MRI blood flow velocity
data, we fitted all data points (n 5 69) within the boundary layer of
the velocity profile to a three-dimensional paraboloid, which enabled
calculation of absolute volume blood flow, circumferential vessel wall
position, lumen vessel area and wall shear stress. The method was
tested in a 8.00 6 0.01-mm diameter glass tube model and applied in
vivo to the common carotid artery of seven volunteers.
Results. In vitro the lumen area was assessed with a mean error
of 0.6%. The 95% confidence interval included the specified tube
dimensions. Common carotid mean blood flow was 7.42 ml/s, and
mean (standard error) diastolic/systolic vessel area was 33.25
(0.72 [2.2%])/43.46 (0.65 [1.5%]) mm2. Mean/peak wall shear
stress was 0.95 (0.04 [4.2%])/2.56 (0.08 [3.1%]) N/m2.
Conclusions. We describe a new noninvasive method for highly
accurate estimation of blood flow, cross-sectional lumen vessel
area and wall shear stress. In vitro results and statistical analysis
demonstrate the feasibility of the method, and the first in vivo
results are comparable to published data.
(J Am Coll Cardiol 1998;32:128–34)
©1998 by the American College of Cardiology
Blood flow velocity can accurately be determined noninvasively
and in vivo by magnetic resonance imaging (MRI) phase
contrast velocity mapping techniques (1–3). In each image
pixel, velocity information can be acquired across an imaging
plane, and all three orthogonal components of the velocity
vector can be determined (4,5).
Translation of velocity data provides volume blood flow
(1–3), and attempts have been made to derive methods for
determination of wall shear stress (6,7), vascular compliance
(8–10), and blood pressure (10). Correct determination of
these variables is dependent on exact determination of the
circumferential lumen vessel position throughout the heart
cycle, but a reliable method with subpixel resolution has not
been developed (2,6–10).
We previously presented a method for determination of
wall shear stress based on a simple edge detection approach
(6). The present report introduces a new concept for determi-
nation of cross-sectional vessel area and wall shear stress based
on circumferential subpixel edge detection. A priori knowledge
of the parabolic blood velocity distribution within the thin
boundary layer at the vessel wall (11,12) is applied to velocity
data from the whole circumference of the vessel. By this
technique, a three-dimensional paraboloid (3DP) model can
be fitted to the large number of velocity data obtained within
this parabolic boundary layer. Position of the lumen vessel
wall, wall shear stress and volume blood flow can then be
determined at a subpixel level from the 3DP model.
The present study sought to 1) assess the validity of our 3DP
model by in vitro studies and statistical analysis; and 2) apply the
technique to the common carotid arteries of normal subjects.
Methods
Theory of 3DP model. The method is based on the follow-
ing assumptions: 1) Blood velocity at the vessel wall is zero; 2)
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the blood velocity profile in the boundary layer of the common
carotid artery is parabolic and has rotational symmetry; and 3)
arteries are circular in shape when cut perpendicular to the
longitudinal axis. These assumptions result in the following
equation describing the 3DP blood flow velocity profile in the
boundary layer close to the artery wall:
u~x, y! 5 a~x2 1 y2! 1 bx 1 cy 1 d,
where u(x, y) is blood velocity in an x, y-coordinate system; and
a, b, c and d are variables (Fig. 1).
Definition of vessel. Initially, a simple semiautomatic def-
inition of the vessel wall was performed: A circle was placed
through two points positioned manually on the “top” and
“bottom” of the vessel by visual inspection of the magnitude
image, as seen in Figure 2a.
3DP fitting. The mean in vivo boundary layer thickness was
measured to be 1.6 mm in peak systole. The pixels for the 3DP
fitting were selected in the middle of the boundary layer at a
distance of 0.3 to 1.3 mm from the vessel wall, as illustrated in
Figure 2, b and c. The pixels from this selection were subse-
quently fitted by multiple linear regression (least squares
method) to the 3DP equation.
Edge detection and blood flow calculations. The circum-
ferential vessel wall position was computed throughout the
heart cycle assuming zero velocity at the vessel wall, and the
cross-sectional lumen vessel area was calculated. Volume
blood flow was calculated by summation of all pixel velocities
within the vessel. The peak central blood flow velocity was
found as the average of the central nine pixels, that is, nine
pixels covering a 1.5 3 1.5-mm2 square area in the center of the
vessel (Fig. 2b).
Wall shear stress calculations. Wall shear stress (WSS) is
the term for the mechanical stresses on the vessel wall exerted
by the flowing blood:
t 5 m
­u
­rU wall,
where t is wall shear stress; m is dynamic viscosity (4.3 cP [13]);
and ­u/­r is the velocity gradient at the vessel wall (change in
velocity unit per change in radial distance unit [wall shear
rate]). Wall shear rate was calculated by differentiating the 3DP
model at the wall (Fig. 2c). The peak systolic, end-diastolic and
average WSS in the cardiac cycle were calculated. The peak
Abbreviations and Acronyms
MRI 5 magnetic resonance imaging
3DP 5 three-dimensional paraboloid
WSS 5 wall shear stress
Re 5 Reynold’s number
CCA 5 common carotid artery
Figure 1. Three-dimensional surface plot of a 3DP. This profile is valid
for Poiseuille flow in rigid tubes. u(x,y) is the velocity in the x,y-
coordinate system.
Figure 2. Principles of the three-dimensional paraboloid (3DP)
method. a, A magnitude image is reproduced as obtained perpendic-
ular to the longitudinal axis of the vessel. A preliminary lumen vessel
edge is constructed as a perfect circle from two manually placed points.
b, Pixels are identified at a distance of 0.3 to 1.3 mm (gray area) from
the preliminary circle (dashed circle). Data for the 3DP fit are
acquired from this ring of pixels. c, A plot of flow velocity, u, as a
function of length in radial dimension, r, used for determination of wall
shear rate. WSS is wall shear rate times the dynamic viscosity of the
blood.
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systole and end-diastole heart phases were identified as the
heart phases with the highest and lowest flow, respectively. To
allow comparison with other studies, WSS was also estimated
using the central peak velocities and applying the Poiseuille
concept (13,14).
Statistical analysis. The 3DP model statistics used were
the standard deviation (SD) and the adjusted coefficient of
determination (R2). To provide the asymptotic standard error
(SE) for the center (h, k), radius r and wall shear rate, we
described the paraboloid in terms of the four variables: center
(h, k), radius r and wall shear rate. These variables were
determined using nonlinear regression (Levenberg-Marquardt
method) and were used to calculate the asymptotic SE for WSS
and radius (15). The radius SE was used to extract the
diameter and lumen area SE.
Applications of 3DP model. The model was applied in vitro
and in vivo.
In vitro. A 1-m long glass pipe (Schott Gera¨te, Mainz,
Germany) with an internal diameter of 8.00 6 0.01 mm
(factory specifications) was used in a steady manganese chlo-
ride–doped water flow loop. The pipe was surrounded by
doped water. Flow was measured using the stopwatch and
graduated cylinder method. Measurements were performed at
4.37 ml/s (Reynold’s number [Re] 695) and 6.45 ml/s (Re
1,027). For each flow rate, we made 10 measurements during
which the glass tube was moved to different in-plane positions.
The MRI variables were identical to those of the in vivo
measurements (see next section), except for the maximal
velocity encoding of 30 cm/s.
In vivo. Seven healthy, young volunteers were studied
(mean age 26.4 years, range 20 to 36; 4 men), as approved by
the institutional committee on human research, and individual
written informed consent was obtained according to the Hel-
sinki II declaration. Measurements were performed using a
1.5-T whole-body scanner (Philips Gyroscan-ACS-NT, Philips
Medical Systems, Best, The Netherlands). To optimize the
signal to noise ratio, a standard 8-cm diameter circular surface
coil was positioned over the carotid artery inside a standard
head coil. Perpendicular blood flow velocity measurements in
the common carotid artery (CCA) were performed 2 cm below
the carotid bifurcation after initial visualization of morphology
by sagittal, transverse and coronal scout images (16). A
standard electrocardiographic gradient-echo pulse sequence
with bipolar velocity encoding gradients was used with the
following variables: Thirty-two frames were recorded through-
out the cardiac cycle with an interval of 25 ms, depending on
the heart rate using retrospective triggering. The thickness of
the slice was 7 mm, and in-plane pixel resolution was 0.5 3 0.5
mm2 (data acquisition matrix 128 3 128 points, 64-mm field of
view). Two signal averages, 8-ms echo time acquiring a full
echo and a maximal velocity sensitivity of 690 cm/s were used.
Results
In vitro results. The flow, cross-sectional area, diameter
and WSS for the two different flow rates are presented in Table
1. It can be seen that the lumen area was assessed with a mean
error of 0.6% (diameter error 25 mm [0.3%]); 78 pixels were
used in all 3DP fits. The in vitro mean adjusted R2 and SD for
all fits were 0.978 m/s (range 0.966 to 0.984) and 0.0035 m/s
(range 0.0026 to 0.0047), respectively. Nonlinear statistical
analysis revealed for both the low flow (diameter 695%
confidence limits 7.961 6 0.068) and high flow (8.010 6 0.048)
used that the confidence interval included the factory-specified
lumen dimensions. WSS had a mean SE of 0.0015 N/m2 (range
0.0011 to 0.0020).
In vivo results. The flow profiles in peak systole were blunt
in all cases (Fig. 3). In late systole, a small area of blood flow
separation was seen in six subjects. During early diastole, the
dicrotic notch was evident as a second peak in the velocity
patterns of all subjects. At this time, all profiles were still blunt
and slightly skewed. During diastole, the velocity profiles
became almost developed and parabolic.
Figure 4 shows the two-dimensional velocity profiles from
peak systole and end-diastole from one subject as well as the
result of the 3DP fit of the velocity in the boundary layer
presented in a two-dimensional profile overlaid with the mea-
sured pixel velocities.
Table 1. In Vitro Results
“True Value” 3DP
Error
(%)
Re 695
Flow (ml/s) 4.37 4.02 6 0.02 8.0
Area (mm2) 50.27 6 0.25* 49.78 6 0.32 1.0
Diameter (mm) 8.00 6 0.01* 7.961 6 0.026 0.5
WSS (N/m2) 0.087† 0.081 6 0.001 7.0
Re 1,027
Flow (ml/s) 6.45 6.73 6 0.06 4.3
Area (mm2) 50.27 6 0.25* 50.39 6 0.17 0.2
Diameter (mm) 8.00 6 0.01* 8.010 6 0.024 0.1
WSS (N/m2) 0.126† 0.136 6 0.001 7.6
*Factory-specificated error for the glass tube. †Calculated assuming fully
developed paraboloid flow. Flow is measured using the stopwatch and graduated
cylinder method. Values are mean 6 SD. Re 5 Reynold’s number; 3DP 5
three-dimensional paraboloid; WSS 5 wall shear stress.
Figure 3. Contour plots of velocity (m/s) profiles from peak systole for
all subjects (a to g) are shown (from 0.1 m/s in steps of 0.1 m/s). A
perfect paraboloid contour with fully developed profile is shown in h.
Note the variation in location of centers and these blunt in vivo flow
profiles.
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The in vivo results for peak systole, end-diastole and mean
values of all heart phases are shown in Table 2. Table 3
summarizes the in vivo statistics from the 3DP fits and
nonlinear statistical analysis.
Figure 5 shows blood flow and WSS profiles for all subjects
and the calculated mean blood flow, WSS and peak center
velocity.
Figure 6 shows the lumen vessel wall position from one
subject during peak systole and end-diastole. The pattern of
lateral pulsation in peak systole, as Figure 6 illustrates, was
seen in four of the seven volunteers. The cross-sectional lumen
vessel area results from end-diastole and peak systole for all
subjects are shown in Figure 7. The mean 6 SD vessel area
pulsation was 28.0 6 3.1%.
Discussion
The present report introduces a new method for the
noninvasive determination of blood flow, cross-sectional lumen
vessel area and WSS based on circumferential subpixel edge
detection. The method applies fundamental hemodynamic
theory using a 3DP model for fitting of blood velocity data in
the boundary layer. The data were obtained by standard MRI
velocity acquisition techniques.
Circumferential edge detection was made continuously
throughout the heart cycle by an automated procedure solving
the 3DP model for u 5 0 in the coordinate system, and WSS
was calculated by differentiating for u 5 0.
The three assumptions used—1) blood velocity at the vessel
wall is zero; 2) parabolic velocity distribution is close to the
vessel wall; and 3) arterial lumina are circular in shape—have
never been definitely proved. These assumptions are a basic
concept of general hemodynamic theory (11,12) and have been
used in several studies (6,7,11,17–20). Our data did not con-
tradict these assumptions (Fig. 2a, 3 and 4, Table 3).
The large number of data points (n 5 69) and selective
inclusion of data points from pixels within the blood stream
only (avoiding edge pixels [2,6,7]) gave high precision of the fit
with a low subpixel magnitude of standard errors (Fig. 4 and 6,
Table 3).
Method evaluation. The in vitro part of this series with
Newtonian fluid in noncompliant conduits at steady, laminar
and fully developed flow showed that it was possible to
determine the internal area of tubes with extreme factory
specifications (8.00 6 0.01-mm internal diameter), with a mean
area error of 0.6% of the theoretical value. For both the low
flow (diameter 695% confidence limits 7.961 6 0.068) and
high flow (8.010 6 0.048) used, the confidence interval in-
cluded the factory-specified lumen dimensions. Mean blood
flow was determined with a 6.2% error, and the calculated mean
values for WSS had an accumulated error of 7.3% (Table 1).
To our knowledge WSS derivation and area construction
from primary velocity data using a paraboloid fit have not
previously been reported, but the low magnitude of errors and
standard errors (Table 1) for the in vitro studies substantiate
the feasibility of the 3DP method and suggest a potential for in
vivo applications.
Blood flow was blunt in peak systole (Fig. 3) but became
paraboloid during diastole, and the profiles were slightly
asymmetric. The ideal geometric model assumptions were not
fulfilled, but the statistical analysis (with subpixel order of
magnitude of standard errors [Table 3]) showed that the 3DP
method, under the present conditions, accurately described the
velocity profile within the boundary layer.
Comparison with blood flow and vessel dimension studies.
The mean volume blood flow in the CCA was 7.42 ml/s (range
5.58 to 9.58) (Table 2), which corresponds to previous deter-
minations with MRI phase contrast methods of (mean 6 SD)
7.6 6 0.9 ml/s (21) and 6.5 6 0.9 ml/s (19). The diameter of the
CCA as determined by our method was 7.39 mm (range 6.22 to
8.78) during peak systole and 6.47 mm (range 5.40 to 7.67)
Figure 4. Peak systolic and end-diastolic velocity data from the
common carotid artery of one volunteer. Blood velocity data from the
cross-sectional vessel area are shown as function of their distance to
the center of the vessel lumen. Open circles are the velocity data used
for the 3DP fit (0.3 to 1.3 mm from vessel wall). The two-dimensional
projection of the resulting 3DP is shown as solid lines. n 5 number of
pixels.
Table 2. In Vivo Results [mean (range)]
Peak Systole End-Diastole All Heart Frames
Flow (ml/s) 21.04 (13.82–31.40) 3.70 (2.46–4.76) 7.42 (5.58–9.58)
Vessel area
(mm2)
43.46 (30.39–60.55) 33.25 (22.90–46.20) 39.60 (27.91–56.03)
Vessel diameter
(mm)
7.39 (6.22–8.78) 6.47 (5.40–7.67) 7.22 (5.95–8.47)
WSS3DP
(N/m2)*
2.56 (1.82–3.29) 0.63 (0.38–0.93) 0.95 (0.67–1.29)
WSSPoiseuille
(N/m2)†
1.71 (1.46–2.04) 0.56 (0.35–0.82) 0.78 (0.49–1.02)
Peak center
velocity (cm/s)
72.8 (63.1–78.8) 20.7 (14.9–25.8) 31.4 (24.2–36.1)
*Wall shear stress (WSS) calculated by the three-dimensional paraboloid
(3DP) method. †WSS calculated from the peak center velocity, Poiseuille flow
assumption and 3DP computed diameter.
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during end-diastole, giving a diameter pulsation of 14.2%,
which is slightly higher than the values found by high resolution
ultrasound echo tracking techniques (mean diastolic diameter/
pulsation percent): 6.2 mm/9.6% (22); 6.5 mm/9.6% (20); 7.4
mm/9.4% (23). In addition, our technique also allows deter-
mination of cross-sectional vessel area, and we found an area
change of 25.3% to 32.5%. This introduction of vessel area
versus vessel diameter increases the sensitivity and accuracy for
dynamic determination of vessel dilation/contraction during
the heart cycle because radius enters with the second power in
the calculation of area (Table 2).
Comparison with MRI WSS studies. MRI phase contrast
velocity mapping techniques are well suited for in vivo estima-
tion of WSS, and two studies have measured WSS in the
abdominal aorta using this technique (6,7). To our knowledge,
MRI measurements of WSS in the CCA or arteries of similar
size have thus far not been presented. We previously intro-
duced (6) an MRI method based on estimating the blood
velocity in the edge pixel (partial volume pixel) and in the
adjacent pixel within the blood stream. Oshinski et al. (7)
Figure 6. Lumen vessel wall position from one subject during peak
systole and end-diastole determinated using the 3DP method. Note the
pattern of lateral dilation in peak systole and the relatively small 95%
confidence limits compared with the pixel matrix size of 0.5 3 0.5 mm2.
Table 3. In Vivo Statistics
Peak Systole End-Diastole All Frames
Pixels in fit (no.)
Mean 73 63 69
Range 55–91 50–75 55–83
RMSE (m/s)
Mean 0.044 0.012 0.022
Range 0.033–0.063 0.010–0.015 0.018–0.030
Adjusted R2
Mean 0.92 0.88 0.87
Range 0.85–0.96 0.72–0.95 0.77–0.92
Vessel area (mm2)
Mean (SE) 0.65 (1.5%) 0.73 (2.2%) 0.91 (2.3%)
Range (SE) 0.50 (1.2%)–0.97 (2.2%) 0.42 (1.3%)–1.00 (3.0%) 0.62 (1.6%)–1.21 (3.1%)
Diameter (mm)
Mean (SE) 57 (0.8%) 71 (1.1%) 82 (1.1%)
Range (SE) 46 (0.6%)–70 (0.9%) 46 (0.7%)–100 (1.5%) 62 (0.9%)–105 (1.5%)
WSS (N/m2)
Mean (SE) 0.08 (3.1%) 0.03 (4.8%) 0.04 (4.2%)
Range (SE) 0.07 (2.7%)–0.09 (3.5%) 0.02 (3.1%)–0.03 (4.8%) 0.03 (3.2%)–0.07 (7.4%)
Abbreviations as in Table 2.
Figure 5. a, Volume blood flow; b, WSS for all subjects; c, mean values
for all seven subjects.
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proposed a similar method. These methods are not optimal
because of the use of partial volume (edge) pixels (11) and
linear curve fitting (11). They are both sensitive to noise
because only a few pixels are used. The 3DP method over-
comes these limitations.
Comparison with ultrasound WSS studies. New ultra-
sound methods have been developed for estimation of WSS in
the CCA. By assuming a parabolic velocity profile and applying
the Poiseuille concept, Gnasso et al. (13) estimated WSS from
one central velocity and vessel diameter measurements. When
our data are analyzed in a similar way (Table 2), the peak
systolic WSS is underestimated by 50% for peak systole, and
the mean WSS is underestimated by 22%. This divergence is
due to the assumption of a parabolic profile, which our data
show to be not valid. That our absolute 3DP data and the
ultrasound data from Gnasso et al. (13) (peak WSS 2.95 N/m2,
mean WSS 1.21 N/m2) have approximately the same WSS
values is partly due to the unusually high central velocities
(97.1 cm/s) found by Gnasso et al. compared with other studies
(17–19).
Hoecks et al. (20,24) used a newly developed high resolu-
tion ultrasound system and also found a blunt profile in systole.
They calculated that the mean WSS was underestimated by
86% if a fully developed (paraboloid) velocity profile was
assumed (20). For these reasons we suggest that WSS in the
CCA cannot be quantified correctly using the assumption of
fully developed parabolic flow.
Special features of the 3DP method. Apart from the esti-
mation of blood flow, WSS and vessel cross-sectional area, the
3DP data on the dynamic distensibility of the arterial wall can
be used for estimating elasticity, compliance (if combined with
pressure measurements) and other biomechanical properties
of the vessel wall. Also, previously undescribed variables, such
as the in vivo boundary layer thickness (we estimated the peak
systolic boundary layer to be ;1.6 mm) and accurate in-plane
vessel center motion, can be derived.
Study limitations. Some limitations of the method should
be discussed: 1) The assumptions of symmetry of the flow
profile and circularity of the vessel—although acceptable in the
present study—are not applicable to most arterial vessel
segments because of vessel curvature and entrance effects and
subsequently skewed velocity profiles with varying boundary
layer thicknesses. This problem could be overcome in the
future by dividing the whole circumference of a vessel into
small sectors evenly spaced around the circumference. With
this approach it would no longer be necessary to assume a
uniform velocity distribution and a uniform circular shape
around the entire circumference of the vessel. As an example,
the circumference can be divided into eight sectors each
containing 45° of the area. The edge for each sector could then
be found as a circular fit in each of these eight sectors. We
previously presented (25) preliminary results using this “sec-
tored 3DP method,” and the results are encouraging. 2) The
boundary layer thickness is known to vary throughout the heart
cycle (11), and a very thin boundary layer should be expected
especially in early systole. A quantitative approach for solving
this problem would be to estimate the boundary layer thickness
for each heart phase and adjust the fit layer accordingly. For
end-diastole this could actually mean an increase in the
thickness of the fit layer (Fig. 4). 3) The method is somewhat
limited by the in-plane resolution and quality of the MRI
velocity data. For the present study, the use of standard MRI
hardware and software was sufficient, but for smaller vessels
and thinner boundary layers and for using the proposed
“sectored 3DP method,” higher resolution would improve the
accuracy of the method by increasing the number of data
points for the 3DP fit. This could be obtained through the use
of high resolution techniques, such as Fid Acquired Echo
(FAcE) (3), and by using scanner hardware with improved
gradient performance, as well as dedicated surface coils (26).
When these current limitations are overcome by the sug-
gested improvements, and a fully automatic (27) and user-
independent implementation of the technique is made, the
3DP method can be applied to high resolution MRI velocity
data from arteries throughout the vascular system independent
of assumptions of velocity profile symmetry and circularity of
vessels. Combined with high resolution MRI imaging of plaque
morphology (28), this would make a very powerful noninvasive
tool with sufficient accuracy for studying intraindividual and
temporal development of vascular disease and vascular re-
sponses to interventions.
Conclusions. We described a new noninvasive method for
accurate estimation of blood flow, cross-sectional lumen vessel
area and WSS. To our knowledge, this is the first method to
obtain robust subpixel resolution for cross-sectional lumen
vessel area and WSS estimations. In vitro results and statistical
analysis demonstrated the feasibility of the method, and the
first in vivo implementation using standard MRI hardware and
software showed results comparable to published data as well
as a low subpixel magnitude of standard errors.
The help of Steen Demming for implementation of software is gratefully
acknowledged. Erling Falk is thanked for review of the manuscript.
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